In 1974, Folland and Stein constructed an inhomogeneous pseudo-differential calculus based on analysis on the Heisenberg group. This Heisenberg calculus was generalized by several authors, to any subbundle of the tangent bundle.
Introduction
In order to construct a parametrix for Hörmander's [23] subelliptic operators on a contact manifold, Folland and Stein [20, 19] defined a noncommutative pseudo-differential calculus where the principal cosymbol is a function on a bundle of Heisenberg groups. A fundamental characteristic of this pseudo-differential calculus is that a vector field defines a differential operator of order 1 if it is everywhere tangent to the contact subbundle and of order 2 if not. Later on, this was generalised to an arbitrary subbundle of the tangent bundle, and even further to a filtration of the tangent bundle under conditions on the Lie bracket (see [5, 4, 17, 13, 9, 34, 18, 2, 21, 31] ) To such a structure one associates a bundle of graded nilpotent Lie groups over which the cosymbols are functions. Let us remark that the general situation is more involved because the bundle of graded nilpotent Lie groups doesn't need to be locally trivial and hence the analogue of the theorem of Darboux doesn't hold in general.
This calculus was later used by many authors, for instance by Connes and Moscovici [11, 10] to define a transversal signature operator on foliated manifolds and do computations in cyclic cohomology, following a construction of Hilsum and Skandalis [22] , by Julg and Kasparov [24] to compute the SU (n, 1) equivariant KK-theory following the work of Rumin [32] .
In [15] , Debord and Skandalis showed how to recover the classical pseudo-differential calculus thanks to the tangent groupoid. In [28, 35] , Ponge and van-Erp independentaly define a deformation groupoid for a contact manifold. van Erp and Yuncken [38] used this groupoid to give an alternate presentation of the pseudo-differential calculus mentioned above. This groupoid was also used by van Erp [36, 35] and later (with Baum [1] ) to formulate and prove an index formula in the same spirit as that of Atiyah-Singer. Their index theorem is for differential operators whose cosymbol is invertible in the above calculus associated to a contact structure. These operators are necessarily hypoelliptic, hence their analytic index is well defined but they are rarely elliptic.
The groupoid defined by Ponge and van-Erp was later extended by Choi and Ponge [6, 8, 7] , and independently by van Erp and Yuncken [39] following work by Julg and van Erp [25] . This extension was also used by van Erp [37] to formulate and prove an index theorem for hypoelliptic operators on foliated manifolds.
In this article, we prove that the deformation groupoids defined in [28, 35, 29, 6, 8, 7, 39] are special cases of the deformation to the normal cone construction. Let H ⊆ T M be a vector bundle. Recall the tangent groupoid
Hence by the naturality of the DNC construction, the space
is a Lie groupoid. We prove that the fiber over M × {1} × R is the Heisenberg Lie groupoid. Furthermore the groupoid DNC(DNC(M ×M, M ), H ×{0}) ⇒ M ×R 2 is a quite natural object to study because it contains 'the deformations in all the directions'. In Section 5, we show that the general case (replacing H by a filtartion of T M ) is just an iterated deformation to the normal cone construction. Our approach gives rise to noncommutative Lie groupoids/symbols precisely because we deform Lie groupoids with respect to subgroupoids and not with respect to spaces, and contrary to the methods used in [28, 35, 29, 6, 8, 7, 39] no analysis on local coordinates is needed to construct the Lie groupoid, only functoriality of the DNC construction.
The methods developed here can be used to give a variety of examples of Lie groupoids. In particular we extend the Heisenberg Lie groupoid to cover the case of transverse (to a foliation) hypoelliptic pseudo-differential calculus without any difficulty (examples 4.7 and 5.4).
This article is organised as follows; in Section 1, we recall the notion of the deformation to the normal cone following [16] . Proposition 1.8 is also proved which will be used in Section 3, to prove that our construction gives the Lie groupoid defined in [29] . Quotient of Lie groupoids is also recalled which will be used in Section 5.
In Section 2, the iterated deformation to the normal cone construction is introduced. In Section 3, we prove that the the fiber over M × {1} × R of the Lie groupoid
have the same features as the Heisenberg groupoid. In Section 4, an alternate description (in a more general situation) of the horizontal fiber regarded in Section 3 is given, also local charts of our space are given which shows that our space coincides with the space in [6, 8, 7] as a Lie groupoid.
In Section 5, we generalize the construction given in Section 3 but for a filtration of the tangent bundle proving that iterated deformation to the normal cone gives rise to the Carnot groupoid 1 in the general case. This section is independent of Section 3 and provides another proof of Theorem 3.1. Finally in Example 5.3, we show that the deformation constructed in [33] is just the quotient (see Example 1.9) of Carnot Lie groupoids.
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Deformation to the normal cone
In this section, we recall the deformation to the normal cone construction following [16] . The deformation to the normal cone of a manifold M along an immersed submanifold V is a manifold whose underlying set is 
Proposition 1.1 (cf. chapter IV from [26] ). The above charts are compatible and the smooth structure is independent of φ.
Compatibility is clear. Independence of φ follows by noticing that the following functions are smooth functions that generate the smooth structure:
be a smooth function which vanishes on V . Therefore df : N M V → R is well defined. The following function is smooth
The group R * acts smoothly on DNC(M, V ). The action is given by λu(x, t) = (x, ut) and
is a smooth map 2 that will be denoted by DNC(f ). Furthermore the map DNC(f ) is
• a submersion if and only if f is a submersion and f |V : V → V ′ is also a submersion.
• an immersion if and only if f is an immersion and for every v ∈ V , TvV = df
Proof. Smoothness of DNC(f ) follows from the description of smooth maps given above. For statements concerning submersions and immersions. Let U ⊆ DNC(M, V ) be the set where the differential of DNC(f ) is onto (respectively injective). It is clear that U is an open set that is invariant under the R * action and contains M × R * . To prove that U = DNC(M, V ), it suffices to prove that V × {0} ⊆ U. If v ∈ V , then one sees directly that
will be denoted by N f . 2 In the case where V ′ is an immersed submanifold, one must also suppose that f |V : V → V ′ is continuous. Remark 1.3. It follows from Proposition 1.2, that if G is a Lie group acting smoothly on a manifold M that leaves a submanifold V invariant, then G acts smoothly on DNC(M, V ). This action commutes with the R * action λ. In particular the group G × R * acts on DNC(M, V ).
2. the maps fi are transverse 3. the maps fi|Vi : Vi → V are transverse
is a diffeomorphism. Similarly for DNC, we have
(b) the natural map
is a diffeomorphism.
Proof. 
is a Lie groupoid whose structure maps are DNC(s), DNC(r) and Lie algebroid is equal to DNC(AG, AH).
if K ⊆ H is a Lie subgroupoid, then the restriction of the normal bundle
Proof. Statements 1 and 2 are direct consequences of propositions 1.1, 1.2 and 1.4. The third statement follows from the first and because the projection map onto the base
is a submersive morphism of groupoids, hence the inverse image of the Lie subgroupoid K is a Lie groupoid.
From now on, for a Lie groupoid G and a Lie subgroupoid H, we will use N G H to denote the space N G H equipped with the structure of a Lie groupoid given by Theorem 1.5. Remarks 1.6.
1. Let E → M be a vector bundle, V ⊆ M a submanifold, F → V a subbundle of the restriction of E to V . By Theorem 1.5, the space DNC(E, F ) is a vector bundle over DNC(M, V ). Since a section of DNC(E, F ) is determined by its values on the dense set M × R * . It follows that
where Γ denotes the set of global sections (continuous or smooth).
2. Let V = V0 + a ⊆ R n be an affine subspace where V0 is the underlying vector space, a ∈ R n . Let L be the orthogonal of V0, πV 0 , πL the orthogonal projections. The space DNC(R n , V ) will be identified with R n+1 by the following map
where in the last identity we identified N R n V with L.
is the first deformation groupoid constructed by A. Connes. He used it to give a short elegant proof of Atiyah Singer index theorem [12] . The product law is given by
with the obvious structural maps.
Lie subgroupoid which is a bundle of connected Lie groups such that 
Furthermore the action associated to this exact sequence of the Lie algebra AHx 0 on the abelian group AGx 0 /AHx 0 is as follows; if X, Y ∈ Γ ∞ (AG) such that X |H 0 ∈ Γ ∞ (AH), then by our assumption,
[X, Y ](x0) mod AHx 0 only depends on X(x0) ∈ AHx 0 and Y (x0) mod AHx 0 ∈ AGx 0 /AHx 0 . In particular the above exact sequence is central if and only if this action is trivial.
Proof.
1. The condition (dr − ds)(T h G) ⊆ T s(h) H 0 can be restated as the equality of the maps N s, N r : 
By assumption, the map ♮ : AG/AH → N 
• If Y vanishes at x0, then locally it can be written as the sum of sections of the form f Z, where f : M → R vanishes at x0 and Z ∈ Γ ∞ (AG). One has
because X(x0) ∈ AHx 0 and H is a bundle of Lie groups, hence ♮(X(x0)) = 0. (Y (x0)) ). This formula can be proved locally by writing X as sum of f Z. The condition
That this is the action associated to the abelian extension of
is then clear.
Quotient of Lie groupoids. Let G ⇒ G 0 be a Lie groupoid, H ⊆ G a Lie subgroupoid. The Lie groupoid H acts on the smooth manifold G H 0 by right translation. This action is clearly free and proper. Hence by [3, section 5.9.5], the quotient space G H 0 /H is a smooth manifold, that will be denoted by G/H.
Example 1.9. If V is a submanifold of M , then DNC(V × V, V ) is a Lie subgroupoid of DNC(M × M, M ). It is clear that the quotient space is equal to
DNC(M × M, M )/ DNC(V × V, V ) = DNC(M, V ).
DNC iterated
Let M be a smooth manifold, V0 ⊆ M a submanifold, V1 ⊆ DNC(M, V0) a submanifold. One defines DNC 2 (M, V0, V1) := DNC(DNC(M, V0), V1).
This space being a deformation space admits an R * -action that will be denoted by λ (1) , and a projection map π
If V1 is R * -invariant, then by Remark 1.3, the group R * acts on DNC 2 (M, V0, V1). This action will be denoted by λ (0) , furthermore the group (R * ) 2 acts on DNC 2 (M, V0, V1) by
Let π R : DNC(M, V ) → R be the projection constructed in Section 1. If π R (V1) is an affine subspace of R and π R |V1 : V1 → π R (V1) is a submersion, then the map
is a smooth submersion, where we identified DNC(R, π R (V1)) with R 2 using Remarks 1.6. If V1 is furthermore R * -invariant, then one has for all u, t ∈ R *
where
R ).
By induction, given a sequence of submanifolds
We define the space 
is a smooth submersion, where we identified DNC(R k , π (0,...,k−1) R (V k )) with R k+1 using Remarks 1.6.
If each Vi is (R * ) i invariant, then the space 
is a Lie groupoid.
Computations in the case of a single subbundle
Let M be a smooth manifold,
In this section we prove Theorem 3.1, which proves the claim made in the introduction (at least on the algebraic level) that the fiber of the groupoid
over M × {1} × R is equal to the groupoid constructed in [6, 8, 7, 39] . In Section 4, we will write local charts which will prove that in fact the fiber is equal as a smooth manifold to the one constructed in [6, 8, 7, 39] . Before stating the theorem, let us recall the constuction of the Levi form L : the map
Hence it comes from an anti symmetric bilinear bundle map L :
by an isomorphism which is equal to the identity on the objects) to the bundle of Lie groups H ⊕ T M/H × R ⇒ M × R equipped with the group law
Proof. First we apply Proposition 1.
Let us check the condition of Proposition 1.8 and the triviality of the action.
• Since π R • r = π R • s, the condition of Proposition 1.8 is satisfied.
• the triviality of the action is immediate to check. If X is a section of T M over M × R which vanishes on M × {0}, Y is a section of T M over M × R which vanishes on M × {0} and whose ∂t-derivative on M × {0} is in H, then the vector field [X, Y ] vanishes over M × {0}.
The central exact sequence of bundles of Lie groups over (x0, t0) ∈ N M ×R M ×{0} = M × R given by Proposition 1.8 is then equal to
There exists a quite natural section of this exact sequence: let h ∈ Hx 0 , f : R → M any smooth function such that f ′ (0) = h and f
One then sees immediately that the map
is well defined (i.e, doesn't depend on the choice of f ) and is a section of the above exact sequence.
The map Sx 0 ,t 0 is not a group homomorphism. For h1, h2 ∈ Hx 0 , we have
This follows from the definition of L.
Corollary 3.2. The fiber of the groupoid
where the groupoid structure on M × M × R * is the pair groupoid, and on H ⊕ T M/H is the bundle of nilpotent Lie groups
Since H is R * invariant, by Section 2 we have two group actions λ 1 , λ 0 of R * . Under the above identification the two actions λ 1 and λ 0 become
Another description of N DNC(M,V ) H×{0}
Let M be a smooth manifold, V a submanifold, H ⊆ N M V a smooth subbundle, H the lift of H to T M . In other words H is a subbundle of the restriction of T M to V such that T V ⊆ H and H = H/T V . In this section we give an alternate description of the fiber π 
3. for every smooth function l : M → R which vanishes on V and whose derivative dl vanishes on H, one has
is smooth. And since f 
is a well defined bijection
Let us remark that the map β is not a linear map and in fact the space N M V,H is not a vector bundle.
Proof. In Section 1, two types of functions on DNC(M, V ) were described which generate the ring of smooth functions on DNC(M, V ). By regarding each type we see that for two functions f, g ∈Ñ 
By the local charts descriped in Section 1, the following is a local chart for DNC(M, V ):
Therefore the following is a local chart for DNC 2 (M, V, H × {0})
where in the last identity we identified N
We equip DNCH (M, V ) with a smooth structure by identifying it with π
({1} × R) using the map β. Its local charts are hence given by
The space DNCH(M, V ) is called the deformation to the normal cone of M along V with weight H. Since H is R * -invariant, by Section 2 it follows that there is an (R * ) 2 action on DNC 2 (M, V, H× {0}). It follows from Equation (1) in Section 2 that π
u . This action is described by u · (x, t) = (x, tu) and
, 0) are well defined and smooth.
Proof. This is a corollary of Proposition 1.2 applied twice and the identification of DNCH (M, V ) 
the natural map
Proof. This is a corollary of Proposition 1.4 applied twice and the identification of DNCH (M, V ) [30, 27] . Then
is a Lie groupoid whose Lie algebroid is equal to DNC AH (AG, AG ′ ).
Proof. This is a corollary of Corollary 4.4 and Proposition 4.5.
Example 4.7. Let F ⊆ T M be an integrable subundle. We regard the foliation groupoid
This map is not injective but the Lie groupoid DNC(M × M, G(M, F )) ⇒ M × R is still well defined by a remark in [22] . Its underlying manifold is a second countable locally Hausdorff manifold.
The vector bundle T M/F will be denoted by ν(F ). If γ : [0, 1] → M is path tangent to the leaves, then its holonomy defines a map dγ : ν(F ) γ(0) → ν(F ) γ (1) . One then sees that the groupoid
The product is then given by
Let H ⊆ ν(F ) be a holonomy invariant subbundle, i.e such that for any leafwise path γ :
. It follows that
is a Lie subgroupoid. The groupoid
has then the groupoid law
where L : H × H → v(F )/H is a Levi form defined similarly to the one defined in Section 3.
Carnot Groupoid
A more general groupoid will be constructed starting from the following data: Let M be a smooth manifold,
where H i = T M for i > k. We will calculate the Lie algebroid of this groupoid and hence show that it is equal to the groupoid constructed in [29, 6, 8, 7, 39] .
, it follows that the map
is a C ∞ (M )-bilinear map, hence it comes from an antisymmetric bilinear map
For each a ∈ M , the map L defines the structure of a Lie algebra on G(H · )a := ⊕iH By Baker-Campbell-Hausdorff formula, the vector space G(H · )a admits the structure of a nilpotent Lie group. It is clear that the structure of group is C ∞ in a, hence G(H · ) is a bundle of nilpotent Lie groups. We will define a Lie groupoid denoted by DNC H · (M × M, M ) by induction on k whose underlying set is equal to
and whose Lie algebroid is equal to
For k = 1, this is just DNC H 1 (M × M, M ) ⇒ M × R defined in Section 4. By induction assuming it is defined for k − 1, that is the Lie groupoid
is well defined. 
the bundle of nilpotent Lie groups ⊕iH/H i−1 , G(H · ∩ T V ) be the bundle of nilpotent Lie groups ⊕(H i ∩ T V )/(H i−1 ∩ T V ). In [33] , the authors define a smooth manifold whose underlying set is equal to M ×R * ⊔G(H · ) |V /G(H · ∩T V ), where G(H · ) |V is the restriction of G(H · ) to V . Similarly to the description in Example 1.9 of the classical deformation to the normal as a quotient space, the space defined in [33] can also be written as DNC H · (M × M, M )/ DNC H · ∩T V (V × V, V ). 
